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Abstract

We isolate the operator algebraic layer needed to place quantum lattice systems in a
condensed mathematical framework. For a compact Hausdorff parameter space S and a
C*-algebra A, the section algebra C'(S, A) has pointwise multiplication and involution,
fiberwise positivity, and the supremum C*-norm. We prove descent for finite jointly
surjective covers and prove that, for profinite .S, functions through finite clopen quotients
are norm dense. These statements justify a precise objectwise C*-enhancement of the
represented condensed algebra A, but they do not manufacture a norm, an order, or a
state space from a bare condensed ring. We then connect this construction to quasi-local
observable algebras, compatible local states, and crossed products for covariant disorder.
We give a careful account of Ko Aoki’s solidification theorem: connective solidified
algebraic K-theory recovers connective operator K-theory for Banach algebras, while
periodic operator K-theory requires inversion of the complex degree-two or real degree-
eight Bott element. Counterexamples separate continuous state families C'(.S, State(A))
from states of C'(S, A), continuous profinite families from locally constant ones, and
algebraic data from a chosen C*-completion. The resulting bridge is rigorous at the
level of observable algebras and K-theory. It is not an equivalence between microscopic
Hamiltonians and effective field theories.
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1 Introduction

The operator algebra of observables is where several parts of the proposed condensed phase
program first meet. A lattice interaction is local data. Its thermodynamic dynamics acts on
a norm-completed quasi-local algebra. Ground states are positive normalized functionals on
that algebra. Free-fermion phase invariants are K-theory classes of projections, unitaries, or
symmetry-compatible flattened Hamiltonians. Disorder is naturally encoded by a compact
configuration space and a crossed product. Condensed mathematics can organize continuous
and profinite families of all these objects, but only after the analytic structures have been
specified.

The distinction matters. A ring does not remember a norm. A *-algebra may admit
several inequivalent C*-completions. A positive cone is not determined by ordinary ring
operations. A state on an algebra of sections is not the same as a continuous family of
states on the fibers. These are not technical objections around the edges of the theory. They
determine which objects have a physical interpretation.

This paper supplies the observable-algebra component of the sequence

local interactions — condensed Hamiltonian families — uniformly gapped families

— stable phases — invertible phase spectra.

Our results are deliberately divided by status.

e ESTABLISHED: represented condensed sets, compactly parameterized C*-algebras, C*-
descent, quasi-local inductive limits, crossed-product observable algebras, functional
calculus, and Aoki’s solidification theorem under its stated hypotheses.



e PROPOSED: the use of these constructions as the observable component of a condensed
moduli stack of Hamiltonians.

e OPEN: a comparison theorem identifying the proposed condensed stack with a microscopic
classification or with a stack of effective field theories.

e OBSTRUCTED: any formulation in which condensed descent alone selects a C*-norm,
positivity, or a physical state space.

The main mathematical contributions are as follows.

1. We formulate and prove an objectwise C*-descent theorem for S +— C(S, A).

2. We prove the finite-clopen approximation theorem for profinite probes and make clear
that it is a norm-density result, not a consequence of the sheaf axiom alone.

3. We distinguish external parameter families of fiber states from states on a section algebra
by an explicit counterexample.

4. We show that compactly parameterized sections commute with the quantum-spin quasi-
local inductive limit.

5. We state the disordered crossed-product construction and the gapped functional-calculus
map to K-theory with exact hypotheses.

6. We state Aoki’s connective and Bott-periodic comparisons separately in the complex
and real cases.

Clausen and Scholze provide the condensed foundations [5]. Barwick and Haine provide a
closely related homotopy-coherent formalism under the name pyknotic objects [2]. The quasi-
local framework follows Nachtergaele, Sims, and Young [7]. The disordered crossed-product
viewpoint follows Bellissard, van Elst, and Schulz-Baldes [3] and its K-theoretic development
in [4, 6]. The exact solid K-theory comparison is due to Aoki [1].

2 Condensed parameter objects

2.1 The site and represented objects

Fix an uncountable strong limit cardinal  as in [5]. We suppress it from notation when no
confusion can result.

Definition 2.1 (Condensed set). A condensed set is a sheaf of sets on the category of x-small
profinite sets, with finite jointly surjective families as covers.



Concretely, a presheaf X : ProFin®® — Set is a sheaf if it sends the empty set to a point,
sends finite disjoint unions to products, and satisfies the equalizer condition

X(S) — Eq(X(9) = X(5" x5 9))

for every surjection S’ — S of profinite sets.

A finite jointly surjective family {S; — S} gives one surjection [, S; — S. Since the
disjoint union is compact and S is Hausdorff, this map is a quotient map. Thus the single-cover
equalizer above is exactly the Cech equalizer for a finite covering family.

Proposition 2.2 (Represented topological spaces). For a topological space T, the assignment
T(S) = Cont(S,T)

s a condensed set. After the cardinal convention is fizved, the functor T' — T s fully faithful
on k-compactly generated spaces.

Proof. Finite disjoint unions give products of mapping sets. If ¢ : 8" — S is a surjection,
then ¢ is a quotient map because its domain is compact and its codomain is Hausdorff. A
continuous map S — T that agrees on S” xg S therefore descends uniquely to a continuous
map S — T. Full faithfulness on compactly generated spaces is Proposition 1.7 of [5], with
the stated cardinal convention. O]

Every Banach space is metrizable, hence first countable and compactly generated. Banach
algebras and C*-algebras therefore lie safely in the fully faithful range. This observation lets
us use represented condensed objects without replacing the norm topology by an unspecified
topology.

Definition 2.3 (Condensed anima). A condensed anima is an appropriate hypercomplete
anima-valued sheaf on compact Hausdorff spaces, equivalently on a suitable profinite or
extremally disconnected basis. It is the homotopy-coherent replacement for a condensed set.

Condensed anima can retain automorphisms and higher equivalences. This is relevant
for moduli of Hamiltonians, where gauge equivalences and phase automorphisms should not
be collapsed to equality. Not every condensed anima is represented by a topological space.
Representability is a property, not part of the definition.

2.2 What the sheaf condition says

The sheaf condition is a gluing statement along covers. It does not state that a functor
preserves cofiltered limits, nor that an invariant is determined by all finite quotients of a
profinite set. Finite-resolution approximation below will come from the supremum norm and
clopen partitions.

This distinction prevents a common overstatement. A profinite set is an inverse limit of
finite discrete sets, but an arbitrary sheaf need not convert that inverse limit into a direct



limit. For C(S, A) there is a dense direct limit, followed by completion. The completion is
indispensable.

3 Compactly parameterized C*-algebras

3.1 Definitions and conventions

Definition 3.1 (C*-algebra). A complex C*-algebra is a complex Banach *-algebra A whose
norm satisfies
la*all = [lal®

for every a € A.

For a = a* € A, the following conditions are equivalent: a = b*b for some b € A, the
spectrum of a lies in [0, 00), and @ has a positive square root. We write A, for the resulting
closed convex cone.

Definition 3.2 (Section algebra). Let S be compact Hausdorff and A a C*-algebra. Define
C(S,A)={f:5 — A f is norm-continuous}.
Operations and involution are pointwise, and

[ flle = sup [|.f(s)]].a-
seS

Theorem 3.3 (Objectwise C*-structure). Let S be compact Hausdorff and A a complex
C*-algebra. Then C(S, A) is a C*-algebra. It is unital if and only if A is unital. Its positive
cone s fiberwise:

C(S,A), ={feC(S,A): f(s) € Ay for all s € S}.
There is a canonical C*-isomorphism
C(S,A) = C(S) @umin A.

Proof. Compactness makes the supremum norm finite. Pointwise estimates give || fg|loo <
| fllsollglloo and || f*|loc = || f]|cc- A uniform limit of continuous A-valued functions is continu-
ous, so the section algebra is complete. Finally,

1" flloe = sup |£(s)"f(s)l| = sup LF(s)I* = 1 F 112

This proves the C*-identity.
If f > 0, each evaluation map is a *-homomorphism, hence f(s) > 0. Conversely, suppose
every f(s) is positive. The square-root map on the positive cone is norm continuous by
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1/2 is continuous and f = ¢*g. The tensor-

continuous functional calculus. Thus g(s) = f(s)
product identification is the standard map on elementary tensors, h ® a — (s +— h(s)a).
Since C'(5) is commutative and nuclear, its minimal and maximal tensor products agree. The
minimal completion therefore gives all continuous A-valued functions without a representation-

dependent choice of tensor norm. O

Corollary 3.4 (Functoriality). A continuous map v : T — S induces a contractive *-

homomorphism
u*: C(S,A) — C(T, A), fr— fou.

It is unital when A is unital, and it is isometric when wu is surjective.

Proof. All algebraic statements are pointwise. The norm inequality follows because the
supremum is taken over a subset of the values of f. Surjectivity makes the two sets of values
equal. O

3.2 C*-descent

Theorem 3.5 (Objectwise C*-descent). Let {q; : S; — S}, be a finite jointly surjective
family of maps between profinite sets. For every C*-algebra A, restriction induces an isometric
C*-isomorphism

C(S,A) 2 Eq (H C(S;,A) = HC(Si X g Sij)> ;

7:7.]‘
where finite products carry the mazimum norm.

Proof. Let q : ][, S; — S be the jointly surjective map. It is a quotient map. A compatible
tuple (f;) defines a function on the disjoint union that is constant on the fibers of ¢, so it
descends uniquely to a continuous function f : S — A. This proves the equalizer statement at
the level of sets. Pointwise operations show that the map and its inverse are *-homomorphisms.
Joint surjectivity gives

[[flloe = max | fill oo,

so the isomorphism is isometric. O

Corollary 3.6 (Locality of order and norm). Under the hypotheses of theorem 3.5, a section
18 positive if and only if all of its pullbacks are positive. Its norm is the maximum of the
pullback norms.

This is the exact statement in which positivity and the C*-norm are compatible with
condensed descent. The norm and order are inherited from A before descent is applied.
Descent does not construct them from a ring.



3.3 A condensed observable-algebra object

For a C*-algebra A with its norm topology, define
A(S) =C(S, A4).

By theorems 3.3 and 3.5, this is a sheaf whose values are C*-algebras and whose restriction
maps are contractive *~homomorphisms. We call it the represented objectwise C*-algebra sheaf.
This term avoids presupposing a universal formal category named condensed C*-algebras.

For the phase program, this construction is sufficient. It provides compact and profinite
parameter families, a norm topology for gapped homotopies, fiberwise positivity, and functorial
pullback. More elaborate categorical definitions can be added later, but the present theorems
do not depend on them.

4 Finite clopen approximation

Definition 4.1 (Finite clopen quotient). For a profinite set S, a finite clopen partition P
determines a finite discrete quotient ¢p : S — P. A function S — A factors through P
exactly when it is constant on every part of the partition.

The finite clopen partitions form a directed set under refinement. If A is a C*-algebra,
then C'(P, A) = A" with the maximum norm.

Theorem 4.2 (Finite-resolution density). Let S be profinite and A a Banach space. Then

c(s.A) = Jowr 4

where the union ranges over finite clopen quotients of S. When A is a C*-algebra, this is a
dense *-subalgebra and its completion is C(S, A).

Proof. Fix f € C(S,A) and € > 0. For each s € S, continuity gives a neighborhood on which
the oscillation of f is smaller than €. Since S is zero dimensional, the neighborhood can be
chosen clopen. Compactness gives a finite clopen cover, and Boolean refinement gives a finite
clopen partition P with oscillation smaller than € on every part. Choose one point sy in each
U € P and define fp|y = f(sy). Then || f — fp|lw < €. Pointwise operations preserve locally
constant functions, proving the C*-algebra statement. [

Counterexample 4.3 (Continuous does not mean locally constant). Let S = {0, 1} and
define

flx) = Z 27"z,

The series converges uniformly, so f : .S — R is continuous. It does not factor through any
finite quotient because changing a sufficiently late coordinate changes its value. Its prefix
truncations are locally constant and converge uniformly.



The counterexample identifies the role of completion. Finite disorder data provide
approximants. The completed C*-algebra contains limits that depend on infinitely many
coordinates.

Remark 4.4 (Sheaf descent versus inverse limits). The sheaf condition used in theorem 3.5
concerns compatible data over a cover. Theorem 4.2 concerns approximation by a directed
family of finite quotients. Neither theorem implies the other. Their combination is useful
because it provides both gluing and controlled finite-resolution approximation.

5 Norm and positivity are not algebraic

5.1 The missing structure problem

Suppose one begins with a condensed ring R. Ring operations do not specify a topology, a
complete norm, an involution, or a positive cone. Adding an involution still does not select a
C*-norm. The next example is elementary and decisive.

Counterexample 5.1 (Multiple C*-norms). Give C[z] the involution determined by z* = .
For each compact infinite K C R, define

||| x = sup |p(t)].
teK

This is a faithful pre-C*-norm. The norms obtained from K = [—1,1] and K = [-2, 2] differ,
and their completions are C'([—1,1]) and C([—2,2]). Their induced orders differ as well:
1 — 22 is positive in the first completion but not in the second.

Proof. A nonzero polynomial cannot vanish on an infinite compact subset of R, so the
seminorm is faithful. Pointwise complex conjugation gives

lp"pllse = sup [p(t)]* = [Ipll%-
teK
The Stone-Weierstrass theorem identifies the completions. Finally, 1 —¢? > 0 on [—1, 1] but

takes negative values on [—2, 2]. O

The example remains an obstruction after applying the represented condensed functor.
The same algebraic *-object can inherit distinct topological and ordered enhancements.
Therefore the correct input to the observable construction is a chosen C*-algebra, not a ring
from which one hopes to recover a physical completion.

5.2 Faithful representations and physical choice

A faithful *-representation 7 : A — B(H) of a pre-C*-algebra supplies the operator norm
|la|| = ||m(a)||. Different representation classes can lead to different universal or reduced



completions. Crossed products provide a familiar example when the acting group is not
amenable. In the disorder models below the acting group is Z?, which is amenable, so full
and reduced crossed products agree.

The physical choice still includes the algebra of observables and its representation. A
norm alone does not specify a ground state, a GNS Hamiltonian, or a thermodynamic spectral

gap.

6 States and parameter families

Definition 6.1 (State). For a unital C*-algebra A, a state is a complex linear map w : A — C
such that
w(l) =1, w(a®a) >0

for every a € A.

The state space State(A) carries the weak-* topology. It is compact and convex. For a
compact parameter space S, there are two natural but different constructions.

1. C(5,State(A)) is the space of weak-* continuous families s — w; of states on a fixed
fiber algebra.

2. State(C(S, A)) is the state space of the C*-algebra of sections.

Counterexample 6.2 (The two state constructions differ). Let A = C and let S contain
at least two points. Then State(C) is a point, so C(S, State(C)) is a point. By the Riesz
representation theorem, State(C'(.S)) is the compact convex space of regular Borel probability
measures on S. It contains every point mass and their nontrivial convex combinations.

The difference has a physical interpretation. A continuous family w, assigns a state at
each externally fixed parameter. A state on C(S, A) may also average over the parameter.
Under separability and standard Borel hypotheses, its description involves a probability
measure and measurable fiber functionals. That extra measure is not part of a continuous
family of fiber states.

Proposition 6.3 (Evaluation states). Let A be unital, s € S, and w € State(A). Then

eveu(f) = w(f(s))

is a state on C(S, A).

Proof. Evaluation at s is a unital *~homomorphism. Composing a state with a unital
*_homomorphism gives a state. O

Evaluation states form only a subclass. Convex combinations and integrals of them
already produce many additional states. Consequently, a moduli problem must say whether
S is an external parameter, a disorder variable to be averaged, or part of the observable
algebra.
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7 Quasi-local observable algebras

7.1 The local net

Let I' be a countable set, usually a uniformly locally finite metric lattice. At each site z € I,
fix a finite-dimensional Hilbert space H,. For a finite region A € I, define

Ay = ) B(H).

FASIAN

Finite dimensionality removes tensor-norm ambiguity. If A € A’, define
LA,A/(CL) =a® 1A’\A‘

Theorem 7.1 (Quasi-local inductive limit). Fach inclusion wy p is unital, multiplicative,
and isometric. The algebraic union

AR = Ax

Ael
has a well-defined C*-norm, and its completion

Ar = Ao = lim Ay

Ael
1s the quasi-local observable algebra.

Proof. An injective *-homomorphism between C*-algebras is isometric. The maps are
compatible, so the norm on an element of the union is independent of the region in which
it is represented. Completing the directed union gives the C*-inductive limit. This is the
standard construction used in [7]. O

Proposition 7.2 (Local approximation of positivity). The positive cone of the quasi-local
algebra satisfies

(Ar)s = [J(Av)-

Ael

Proof. The right side lies in (Ar); because *-homomorphisms preserve positivity and the
positive cone is closed. Conversely, write a = b*b with b € Ar. Choose local b, — b. Then
by b, are local positive elements and converge to b*b. ]

Proposition 7.3 (Compatible local states). Suppose states wy € State(Ay) satisfy
WA’ O LAN = WA

whenever A C N'. Then they extend uniquely to a state w € State(Ar). Every state on Ar
restricts to such a compatible family.

11



Proof. Compatibility defines a linear functional of norm one on the algebraic union. Positivity
holds because each element of the local union belongs to some finite algebra. The functional
extends uniquely by continuity to the norm completion. The converse follows by restriction.

]

7.2 Compact parameter spaces commute with completion
Theorem 7.4 (Parameterized quasi-local limit). Let S be compact Hausdorff. Then
lllloo

C(S. Ar) = | C(S, Ay)

Ael
The isomorphism preserves involution, positivity, and the C*-norm.

Proof. By theorem 3.3,
C(S, Ar) 2 C(S) @min Ar.

The commutative algebra C(S) is nuclear. Minimal tensoring by it commutes with injective
C*-inductive limits. Applying this to theorem 7.1 proves the density statement. The structural
claims follow from the isometric *-isomorphism. O]

For profinite S, one can see the theorem without tensor-product machinery. A continuous
section has compact image. Approximate finitely many values by elements of a common local
algebra, then use a sufficiently fine clopen partition to form a locally constant local-algebra-
valued approximation.

7.3 Interactions are not global bounded Hamiltonians

An interaction is a map
o {Xel'} — AF.

The finite-volume Hamiltonian is

Hy =) o(X).

XCA

Even when the interaction has rapid decay, the sum over the infinite lattice need not converge
in Ar. Under the locality hypotheses of [7], the thermodynamic object is a strongly continuous
automorphism group 7, : Ar — Ar or its generator on a dense domain.

This observation is important for any Hamiltonian moduli stack. Infinite-volume inter-
actions, finite-volume Hamiltonians, dynamics, ground-state representations, and bounded
observables are related but distinct objects.

12



8 Disorder and crossed products

8.1 Profinite configuration spaces

Let D be a finite discrete set and define
Q= D%

With the product topology, €2 is compact, totally disconnected, and metrizable, hence profinite.
The translation action
a7~ Q

is continuous. Cylinder functions, which depend on finitely many coordinates, are locally
constant and dense in C(2) by theorem 4.2.

8.2 The covariant bulk algebra

Definition 8.1 (Crossed-product observable algebra). For a compact space €2 with a contin-
uous Z% action «, define

B=C(Q) x, 7"

In the presence of magnetic translations with cocycle @, define the twisted crossed product
B@ = C(Q) X0 Zd.

The algebra is generated by coefficient functions and translation unitaries with the
covariance relation

Uan; = Oéa(f).

Since Z? is amenable, its full and reduced crossed products agree. This removes a completion
ambiguity that would be present for a general nonamenable group.

Proposition 8.2 (Finite-range covariant families). A bounded, finite-range, covariant one-
particle Hamiltonian with N internal orbitals defines a self-adjoint element of

MN (C(Q) Naﬁ Zd) .

Conversely, the finite-support algebraic crossed product describes such finite-range covariant
operators, and its C*-completion includes norm limits of them.
Proof sketch. Write the hopping operator as a finite sum

h=>hal,,

a€eF

where ' C Z% is finite and h, € My (C(€2)). Covariance is encoded by the crossed-product
relation, while self-adjointness gives the corresponding relation between h, and h_,. Such

13



finite sums form the algebraic crossed product, which is dense by definition in the C*-crossed
product. Magnetic phases modify the multiplication by 6. This is the framework used in
3, 4]. O

The crossed product directly models covariant one-particle systems. It does not replace
the quasi-local algebra for a general interacting spin system. An interacting disordered model
needs a disorder action on interactions, a quasi-local dynamics, and a specified state or
representation.

9 Gapped functional calculus and K-theory

9.1 From a Hamiltonian to a projection

Theorem 9.1 (Uniformly gapped functional calculus). Let B be a unital C*-algebra. Let
t—> hy € M, (B)sa
be norm-continuous for t € [0,1]. Suppose there is § > 0 such that
Spec(hy) N (—0,0) = @

for every t. Then

Pt = X(=o0,0) (1)
is a norm-continuous path of projections in M, (B). Consequently, [p;] € Ko(B) is independent
of t.

Proof. Choose a continuous function g : R — [0, 1] that equals 1 on (—oo, —4d] and 0 on
[0, 00). Since the spectrum avoids the interpolation interval, continuous functional calculus
gives g(h:) = X(—o0,0)(h¢). Functional calculus is continuous for norm-continuous self-adjoint
families, so p; is norm-continuous. Homotopic projections represent the same K class. [

The theorem gives a controlled map
h — pp — [pr] € Ko(B).

For a chiral system, spectral flattening gives an off-diagonal unitary and an odd K-class.
Anti-linear symmetries require real, graded, or equivariant variants. Kellendonk develops the
role of graded real structures in this classification [6]. Bourne, Kellendonk, and Rennie relate
the resulting classes to crossed-product K-homology and bulk-edge pairings [4].

9.2 What a K-class forgets

The class [py] is stable under matrix stabilization and norm-continuous gapped homotopy.
It does not retain the eigenvalue magnitudes removed by flattening. It does not retain

14



a preferred interaction decomposition, Lieb-Robinson velocity, correlation length, state,
boundary condition, or response coefficient. Response coefficients arise only after pairing a
K-class with a trace, cyclic cocycle, K-homology class, or Kasparov class.

Equality of K-classes can be weaker than the microscopic equivalence relation. A classifica-
tion theorem must specify the algebra, symmetry class, stabilization, and allowed homotopies.
Outside a controlled free-fermion sector, no universal identification is asserted here.

10 Solidification and operator K-theory

10.1 The condensed algebraic K-theory object

Let A be a real or complex Banach algebra. Regard it as a represented condensed algebra by
A(S)=C(S,A).
Applying algebraic K-theory produces a condensed spectrum whose value is schematically
S — K. (C(S, A)).

Solidification is a completion operation on condensed spectra introduced in the Clausen-
Scholze program. Aoki proves that it recovers established topological K-theories in this
setting [1].

Theorem 10.1 (Aoki, complex connective comparison). Let A be a complex Banach algebra.
The solidification of its connective algebraic K-theory is discrete and canonically equivalent to
the connective part of operator K-theory:

(K(A))™ = (rs0K'P(4)) ™.

Source and proof architecture. This is Theorem A of [1]. Aoki first proves discreteness under
openness of the general linear groups, a condition satisfied by Banach algebras. The connective
comparison is characterized by agreement on Ky, homotopy invariance under A — C([0, 1], A),
and excision for the specified Banach-algebra pullback squares. These properties identify the
solidified connective theory with 7¢K*P. O

Theorem 10.2 (Aoki, complex Bott inversion). Let A be a complex Banach algebra and let
Be € K3P(C)27Z

be a Bott generator. Then
Kalg(A)SOI[B(EI] ~ Ktop(A)dlsc.

Proof. This is the periodic part of Theorem A in [1]. The connective comparison provides the
nonnegative homotopy groups. Inverting the degree-two complex Bott class imposes complex
Bott periodicity and yields the periodic operator K-theory spectrum. O

15



Theorem 10.3 (Aoki, real comparison). For a real Banach algebra A, solidified connective
algebraic K-theory identifies with connective real operator K-theory. If Br is the real Bott
class in degree 8, then

Fog(A)'[Bg ) = K'oP(A)de,

Source and qualification. Aoki proves the real version in the comparison section of [1]. The
real period is eight, not two. The theorem uses the real Banach-algebra category and the real
Bott element. Complexification does not justify silently replacing this class by the complex
degree-two generator. ]

The localization at fg is defined through the module-spectrum structure over K, (R)%.
Bott inversion is therefore a localization in spectra, not an informal operation on homotopy
groups.

10.2 The semitopological comparison

Aoki also proves that if A is a complex associative algebra equipped with the condensed
structure induced by the ordinary topology on C, then solidification of its algebraic K-
theory recovers semitopological K-theory. This is separate from the Banach-algebra operator
K-theory statement. The hypotheses and target should not be interchanged.

10.3 Exact nonclaims

The notation

Kalg(A)SOl ~ Ktop(A)

without further qualification is generally too strong. The exact statement needs either
connective truncation or Bott inversion. Even after the exact equivalence is applied, it
compares K-theory spectra. It does not reconstruct

e the C*-norm on A,

the positive cone A,

the state space State(A),

the observable algebra from its K-theory,

a local interaction that generates the dynamics,

or an effective field theory.

This is still a substantial bridge. It shows that a central invariant of operator algebraic
phase theory arises through an intrinsic condensed completion of algebraic K-theory. The
bridge is invariant-level, exact, and narrower than an equivalence of physical models.
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11 A proposed observable component of the phase stack

11.1 Input data

We now state the new organizational proposal. It is not needed for the proofs above. Fix a
lattice I', finite-dimensional on-site Hilbert spaces, a symmetry type, and a class of interactions
with specified locality estimates. For a profinite test object S, an observable-family datum
consists of

1. a continuous family of interactions with the required uniform locality bound,
2. the fixed quasi-local C*-algebra Ar,

3. the objectwise section algebra C(S, Ar),

4. optional weak-* continuous fiber states S — State(Ar),

5. and symmetry actions by continuous *-automorphisms.

If disorder changes the covariant observable algebra, the datum may instead use an
appropriate crossed product. The choice must be part of the object. It cannot be inferred
from the condensed parameter set.

Definition 11.1 (Proposed observable functor). Let Obsr assign to a profinite S the groupoid
of the above observable-family data and structure-preserving equivalences. Pullback along
T — S is defined by restriction of the parameter family.

PROPOSED: after the interaction and morphism categories are specified, Dbsr should be
enhanced to a condensed anima or stack. Theorem 3.5 proves the descent statement for its
fixed section-algebra component. It does not prove descent for gaps, ground states, dynamics,
or phase equivalences. Those require separate analytic theorems.

11.2 Morphisms

The morphism class determines the moduli problem. Possible morphisms include star isomor-
phisms, covariant star homomorphisms, Morita equivalences, quasi-local automorphisms, and
stable gapped homotopies. They are not interchangeable.

For the present paper, we use contractive star homomorphisms for section-algebra functo-
riality and isometric star isomorphisms for equivalence. A later phase stack may invert a
larger class after proving that the relevant physical data are preserved.
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11.3 Dependency boundaries

The observable layer receives locality and dynamics from the locality paper. It supplies
the norm, order, functional calculus, state language, and K-theory target to the gap and
microscopic-to-effective papers. It does not prove any of the following;:

e a uniform thermodynamic gap,
e stability of that gap under perturbations,
e equivalence of a lattice system and an effective field theory,

e or microscopic realization of an abstract bordism class.

12 Examples and counterexamples

12.1 A finite parameter set
Let S ={0,1} and A = M, (C). Then

cs,A)=Aa A, |(a, 1)l = max{|aol, [[ax[|}-

The positive cone is Ay @ A,. A continuous family of states is simply a pair (wp,w;). A
state on A ® A also chooses a convex weight:

v(ag, a1) = Awo(ag) + (1 — Nwy(aq), 0<A<L

This finite example already displays the distinction in theorem 6.2. The coefficients A and
1 — X are the classical probability measure on S. That measure is absent from the bare
parameter family S — State(A).

12.2 A profinite spin family

Let S = {0,1}" and let A = M(C). A norm-continuous family of one-site observables is a
function f : S — M;(C). It can depend on infinitely many bits, but theorem 4.2 approximates
it uniformly by functions of finitely many bits. Positivity is checked matrix by matrix in
every fiber. The approximation theorem preserves positivity after applying the continuous
positive-part map or square root.

This is a useful finite-resolution model for disorder. It is not a proof that a thermodynamic
invariant computed on finite cylinders converges. Such convergence requires continuity of the
invariant in the chosen topology.
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12.3 A spin-chain algebra

For I' = Z and H, = C?, each local algebra is a matrix algebra My (C). The quasi-local
algebra is the norm completion of their directed union. Local density matrices give compatible
states when their partial traces agree. A translation-invariant product state is obtained from
a single one-site density matrix.

No infinite sum of identical on-site Hamiltonians belongs to the unital quasi-local algebra
in norm. Its finite-volume sums generate compatible local dynamics, and the thermodynamic
automorphism group is obtained under the standard locality hypotheses.

12.4 A disordered covariant model

For binary disorder D = {0, 1} on Z%, the coefficient algebra C'(9) is the completion of cylinder
functions. A nearest-neighbor covariant Hamiltonian is a finite sum in My (C(Q)) x Z2. If
the Fermi energy lies in a uniform spectral gap, theorem 9.1 gives a projection in the matrix
crossed product and hence a K-class.

If only a mobility gap is present, the spectral projection may belong to a smoother
Sobolev-type algebra rather than the C*-algebra in the same way. Mobility-gap invariants
require extra localization hypotheses and are outside the theorem stated here.

13 Computational and formal interfaces

13.1 Finite Haskell demonstrations
The companion program implements exact finite contracts for the following tasks:
1. adjoint involution on 2 x 2 complex matrices,
2. the principal-minor positivity criterion for Hermitian 2 x 2 matrices,
3. state evaluation Tr(pa),
4. the supremum of Hermitian spectral norms over a finite parameter set,

5. and the error bound for finite-prefix clopen approximation on {0, 1}.

The program is compiled with -Wall -Wextra -Werror. It provides executable regression
checks for definitions. Floating-point tests do not prove positivity in an abstract C*-algebra,
and finite prefix tests do not prove the sheaf or completion theorems.
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13.2 Lean representation boundary

A Lean library can directly represent finite-dimensional *-algebras, positive matrices, contin-
uous functions into normed algebras, and finite clopen partitions. It can state the quasi-local
inductive system and Aoki comparison as interfaces with provenance. It should not introduce
axioms labeled as proofs of Aoki’s theorem or of thermodynamic dynamics. Every imported
analytic theorem must retain its hypotheses.

The most useful formal dependency chain is

local matrix algebras — C*-inductive limit — C(S, Ar) — K"P(C(S, Ar)).

The solidification theorem supplies a comparison to the last object only after the connective

or Bott-periodic qualification has been selected.

14 Claim ledger and limitations

Status Claim Dependency
ESTABLISHED (S, A) is a C*-algebra with fiberwise Compact Hausdorff S,
positivity and supremum norm. C*-algebra A.
ESTABLISHED  Objectwise C*-descent holds for finite jointly Quotient-map
surjective profinite covers. descent.
ESTABLISHED  Finite clopen quotient functions are dense for Banach target and
profinite S. compactness.
ESTABLISHED Quantum-spin local algebras have a Chosen local tensor
quasi-local C*-inductive limit. products and
isometric embeddings.
ESTABLISHED Covariant one-particle disorder is modeled by Compact hull and
a crossed product. continuous action.
ESTABLISHED A uniformly gapped norm-continuous path Continuous functional
gives a constant K-class. calculus.
ESTABLISHED  Solidification recovers connective, then Aoki’s Banach-algebra
Bott-periodic, operator K-theory. hypotheses.
PROPOSED These objects form the observable component A defined moduli
of a condensed Hamiltonian stack. category and descent
for all added data.
OPEN The resulting stack is equivalent to a No general
microscopic phase or EFT stack. comparison theorem.
OBSTRUCTED A bare condensed ring canonically Theorems 5.1 and 6.2.

determines norm, order, and states.
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The main limitations are structural. We restrict the quasi-local construction to finite-
dimensional on-site Hilbert spaces. Infinite-dimensional site algebras and unbounded on-site
terms require domain and topology choices such as those analyzed in [7]. We treat true
spectral gaps for bounded one-particle Hamiltonians, not mobility gaps. We do not classify
noninvertible topological order. We do not derive an effective field theory or a response action
from a K-class. We do not claim that all algebraic K-classes have local gapped microscopic
representatives.

15 Discussion

The observable-algebra layer reveals both the promise and the limit of the condensed per-
spective. It is promising because ordinary compact parameters, profinite disorder, norm
completions, and algebraic K-theory can be placed in a common functorial setting. The object
S +— C(S, A) is not a metaphor. It satisfies descent as a C*-algebra-valued construction, and
for profinite S it has a concrete finite-resolution approximation.

The limit is equally clear. Condensed mathematics organizes topology already present in A.
It does not decide which representation gives the physical norm, which cone is positive, which
states are admissible, or whether a dynamics has a thermodynamic gap. These are analytic
inputs. The framework becomes useful when it keeps them visible instead of absorbing them
into a slogan.

Aoki’s theorem sharpens the bridge. Operator K-theory can be obtained from solidified
algebraic K-theory of the represented Banach algebra. The result explains why condensed
methods can recover a central phase invariant. It also marks a clean boundary. K-theory is
much less information than the C*-algebra with its order, states, locality, and dynamics.

For the wider research program, the next step is to combine the observable functor with
a uniformly local interaction functor and a uniformly gapped subfunctor. The descent of
C(S, A) is already established here. Descent of uniform gaps and quasi-adiabatic equivalences
is a separate problem. Any synthesis should retain that separation.

16 Conclusion

We have proved the operator algebraic statements needed for a rigorous condensed formulation
of parameterized observables. Compact families form C*-algebras of sections. Their norms
and positive cones are fiberwise. They satisfy descent over profinite covers. Profinite families
admit norm-controlled finite-clopen approximations. Quantum-spin observables arise as
C*-inductive limits, and compact families commute with that completion. Covariant disorder
leads to crossed products, while a uniform spectral gap gives a stable K-class by functional
calculus.

The strongest condensed-to-operator bridge is Aoki’s solidification theorem, with connec-
tive truncation before periodicity and Bott inversion for the periodic theory. The complex
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Bott class has degree two and the real Bott class degree eight. These qualifications are part
of the theorem.
The resulting picture is concise:

chosen C*-observable algebra — condensed family of section algebras

— solidified algebraic K-theory — operator K-theory.

It is a proved invariant-level route. It is not a reconstruction of physical positivity from
algebra, and it is not a universal microscopic-to-effective equivalence.

A Detailed checks for the section algebra

This appendix records elementary estimates used implicitly in theorem 3.3. They are included
to make the analytic assumptions auditable.

Lemma A.1 (Continuity of pointwise operations). If f,g € C(S, A), then f+ g, fg, and f*
are norm-continuous.

Proof. Addition and involution are norm-continuous operations on A. For multiplication, at
a fixed sg write

f(s)g(s) = f(s0)g(s0) = (f(s) = f(s0))g(s) + f(50)(9(s) = g(s0))-
Continuity of g gives a local bound on ||¢g(s)||, and both terms tend to zero as s — sg. [

Lemma A.2 (Completeness). Every Cauchy sequence in C(S,A) for the supremum norm
converges to an element of C(S, A).

Proof. 1f (f,) is Cauchy in the supremum norm, then (f,(s)) is Cauchy in A for every s.
Completeness of A defines f(s) = lim, f,(s). The convergence is uniform. A uniform limit
of continuous maps into a metric space is continuous, so f € C(S,A) and f,, — f in the
supremum norm. ]

Lemma A.3 (Continuity of square roots). If f € C(S,A) is pointwise positive, then
s+ f(5)Y2 is norm-continuous.

Proof. The union of the spectra of f(s) is contained in [0, || f||o]. Polynomial approximation of
the square-root function on this compact interval is uniform. Applying the same polynomials to
f(s) shows that the square-root map is the uniform limit of continuous A-valued functions. [

Lemma A.4 (Closedness of the positive cone). The set C(S, A)y is norm closed.

Proof. 1f f,, > 0 and f, — f uniformly, then f,(s) — f(s) in A for every s. The positive
cone A, is norm closed, so f(s) > 0. Apply theorem 3.3. ]
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B Local states and density matrices

For a finite-dimensional local algebra Ay = B(H,), every state has the form
wa(a) = Tr(paa)

for a unique density matrix py > 0 with trace one. If A C A’, compatibility of states is
equivalent to

pa = Trana(par)-

Proposition B.1 (Product-state compatibility). Fixz one-site density matrices p, for x € T
The finite-volume density matrices
PA = ® Pz

zEA

define a compatible family and therefore a state on Ar.

Proof. The partial trace of a tensor product over the discarded factors multiplies by the
traces of those factors. Each trace is one, so the remaining density matrix is py. Apply
theorem 7.3. O

This construction gives a state on the observable algebra. It does not assert that the state
is a ground state of a specified interaction. Ground-state conditions involve the dynamics or
local energy inequalities.

C Counterexample audit
The three principal counterexamples answer distinct possible overclaims.

1. Theorem 5.1 shows that algebraic *-data do not choose a C*-completion or order.

2. Theorem 6.2 shows that a continuous family of fiber states is not the state space of the
section algebra.

3. Theorem 4.3 shows that a continuous function on a profinite set need not factor through
a finite quotient.

Together they force three completions or choices to remain explicit: the operator norm
completion, the distinction between parameter and averaging, and the norm closure of
finite-resolution data.
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